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Abstract

While latent class (LC) models with distal outcomes are becoming popular in lit-
erature as a consequence of the increasing use of stepwise estimators, these mod-
els still suffer from severe shortcomings. Namely, using the currently available
stepwise estimators the direct effects between the distal outcome and the indi-
cators of the LC membership cannot be easily modeled. At the same time using
the traditional Full Information Maximum Likelihood (FIML) approach the LC
solution can become dominated by the distal outcome, especially when model
misspecifications occur, and the relationship between the distal outcome and LC
is strong. In this paper, we consider a more general formulation, typical in cluster-
weighted models, which embeds both the latent class regression and the distal
outcome models. This allows us to test simultaneously both whether the distribu-
tion of the distal outcome differs across classes, and whether there are significant
direct effects of the distal outcome on the indicators, by including most of the in-
formation about the distal outcome - latent variable relationship. We propose a
two-step estimator for these models that makes it possible to separate the esti-
mation of the measurement and structural model, that is much desired for distal
outcome models, while keeping the possibility of modeling direct effects open.
We show the advantages of the proposed modeling approach through a simulation
study and an empirical application on assets ownership of Italian households.

Keywords: latent class analysis, continuous distal outcomes, direct effects, cluster-
weighted models, random covariates, two—step approach, household wealth, assets
ownership

Introduction

Latent class (LC) analysis (McCutcheon, 1985) is widely used in the social and behavioral
sciences to locate latent subgroups of observations in the sample based on a set of .J observed re-
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sponse variables Y. Examples of applications include identification of types of mobile internet us-
age in travel planning and execution (Okazaki et al., 2015), types of political involvement (Hage-
naars & Halman, 1989), classes of treatment engagement in adolescents with psychiatric problems
(Roedelof et al., 2013), a typology of infant temperament (Loken, 2004), modeling phases in the
development of transitive reasoning (Bouwmeester & Sijtsma, 2007), or classes of self disclosure
(Maij-de Meij et al., 2005).

In many empirical studies, interest lies in investigating the relationship between the LC
model and its antecedents and consequences for building more complex theoretical frameworks.
Latent class models with covariates (Dayton & Macready, 1988) are a well-known extension of
the baseline model, in which external variables Z are included in the latent class modeling frame-
work as predictors of the class membership X (Collins & Lanza, 2010). Stegmann & Grimm
(2017), for instance, discuss the inclusion of covariates in more complicated LC models. Using
LC membership as a predictor of - possibly continuous - distal outcomes Z as depicted in Fig-
ure 1, is also becoming a popular modeling approach (Bakk et al., 2013; Lanza et al., 2013). For
instance, Roberts & Ward (2011) predict distal pain outcomes based on class memberships defined
by patterns of barriers to pain management and Mulder et al. (2012) compared average measures
of recidivism in clusters of juvenile offenders. In this paper, without loss of generality, but for sim-
plicity, we will consider the case of a univariate external variable, notationally indicated as Z.

The widespread use of distal outcome models is relatively new, due to the challenges of
building these types of models. For a long time there have been two approaches for estimating
distal outcome models, both with severe limitations. On the one hand the most common LCA es-
timation approach - FIML, or one-step approach - is not recommended for distal outcome mod-
els, mainly because of its theoretical limitation: the outcome that is predicted by the LC variable
contributes to the definition of the LC variable, creating an unintended circularity. While when
all model assumptions are met the one-step approach is equivalent to stepwise approaches, be-
cause of the theoretical limitations researchers tend to avoid one-step modeling for distal outcome
scenarios. On the other hand, the alternative three-step approach in which in the first step the LC
variable is estimated based on its indicators only, in step two the respondents are assigned to pos-
terior classes, and the posterior classification is related in step three to a distal outcome using an
ANOVA model has its own limitations too. A main disadvantage of this approach is that in step
two a classification error is introduced that leads to bias in the step three estimates. Recently, cor-
rection methods have been introduced for the three-step approach, known as the bias-adjusted
three-step approaches (Bolck et al., 2004; Vermunt, 2010) that make this approach the obvious
choice in applied modeling. An overview of existing three-step approaches and recommendations
about their usage is available in Nylund-Gibson et al. (2019) - in particular, see their Table 1. Nev-
ertheless using the three-step approach building complex models with multiple distal outcomes
with possible residual associations and multiple covariates is still very challenging in practice.

The major challenge in building (complex) distal outcome models is that the distal outcome
and the J response variables Y ’s are assumed to be conditionally independent given the latent
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Figure 1. Latent class model with distal outcomes Z.

variable X (Bakk et al., 2013; Lanza et al., 2013). A direct effect of Z on Y is therefore not al-
lowed for, neither its presence tested. In latent variable modeling, it is well known that FIML es-
timation is subject to severe bias when direct effects (DEs) are present and not accounted for in
LC and latent trait models (Asparouhov & Muthén, 2014), regression mixture models (Kim et
al., 2016; Nylund-Gibson & Masyn, 2016), and latent Markov models (Di Mari & Bakk, 2017).
Furthermore Zhu et al. (2017) showed how ignoring DEs for distal outcome models can lead to
wrong class enumeration. Using the three-step approach it is even not possible to model or easily
test for such direct effects (Asparouhov & Muthén, 2014). If DEs are hypothesized they need to
be included in the step one model, and if the model is re-estimated with another covariate having
DE, the step one model needs to be re-estimated, thus defeating the purpose of stepwise model-
ing. The more complex a model is, the more likely the presence of violations of the conditional
independence assumption, and thus an increase in model misspecification. FIML is known to be
very sensitive to model misspecifications, in most extreme cases the full LC variable can change
its meaning if a misspecified distal outcome is added to the model, that drives the ML solution
away from the initial LC model (Petras & Masyn, 2010). Using the three-step approach these re-
estimation of the LC variable is not possible, however the misspecification becomes masked, and
leads to bias (Bakk & Vermunt, 2016).

An alternative two step approach was also recently proposed (Bakk & Kuha, 2017), that
after estimating the LC model conditions directly on the step one estimates to estimate the distal
outcome model of interest. Using this approach, in the second step direct effects between the ex-
ternal variables and the LC indicators can be estimated. Janssen et al. (2019) have shown this for
the case of a categorical covariates. Alternatively direct effects can be handled using a FIML ap-
proach proposed by Masyn (2017). This later approach estimates multiple FIML models choosing
the one that fits all the necessary DEs. While promising, the approach is cumbersome, and the ef-
fects of multiple testing on power are not known. Furthermore both of these approaches for mod-
eling direct effects/ differential item functioning were proposed only for models with covariates,
not with distal outcomes.

Given the restrictiveness and the widespread use of the conditional independence assump-
tion and the possible severity of its violation, we propose a more general model that can ac-
count for direct effects between the distal outcome, LC membership, and the indicators of the LC



LCA WITH RANDOM COVARIATES 4

model. The proposed approach is able to handle circular models based on the literature on cluster-
weighted modeling (also known as mixture with random covariates approach). In regression
mixtures, a “circular” relation among Y -X-Z is commonly considered in the random covariate
(cluster-weighted modeling) approach (Ingrassia et al., 2012, 2014, 2015, Ingrassia & Punzo, 2016
and Punzo & Ingrassia, 2016). That is, a more general model is specified, where next to model-
ing the class specific distribution of Z (distal outcome situation), also the direct effect of Z on Y
is modeled Using this approach all possible direct effects are modeled, similarly to the most gen-
eral model allowing for DE proposed by Masyn (2019). But instead of estimating multiple nested
models, we simply allow all DEs to be present. Using this overparametrization we avoid misspec-
ification in modeling DEs, and insure that the parameters of interest are estimated unbiased. With
standard inference, the statistical significance of each effect can then be tested and interpreted
when necessary. Using the proposed approach a very flexible framework for latent class model-
ing with distal outcomes can be established. In structural equation models similar approaches are
known as non-recursive models, models that include a feedback loop between two variables, in-
stead of having a linear directionality (Finch & French, 2015; Bollen, 1996). These models are
usually estimated using a form of a stepwise estimator, namely the two-stage least square approach
(2SLS), using Instrumental Variables to account for the feedback loop (Bollen, 1996). A strength
of this 2SLS estimator is that it is consistent even when misspecifications are present, that would
lead to bias in the FIML approach (Bollen et al., 2007) Based on this literature we also propose a
two-step estimator of our model that is robust against misspecifications.

Some possible interesting substantive applications of such a circular model can be an LC
model of social status at career start defined by education, parents education etc. Social status can
be associated with future income. We can imagine that at different levels of income the effect of
indicators of social status differs. Another example - presented in our real data section - shows
how an LC model of household asset ownership can differ at levels of predicted wealth (the distal
outcome).

Z]

Figure 2. Latent class model with a random covariate.

The proposed approach is optimal for handling direct effects of the distal outcome Z on the
LC indicators Y . Furthermore it is well known that with a continuous Z and binary Y, the likeli-



LCA WITH RANDOM COVARIATES 5

hood often gets dominated by the distribution for Z (Petras & Masyn, 2010), and even relatively
minor distributional specification errors for Z can have strong effects on class enumeration and
prediction. That is, the classes may wander away from the optimal profiles for ensuring local inde-
pendence of Y in the service of better approximating the distribution of Z. We highlight how the
proposed random covariate approach is robust towards such misspecifications as well.

In principle, both two- and three-step approaches can be implemented to fit a random-
covariate latent class model. However, the three-step method would wrongly identify latent groups
in its first step from the conditional distribution of Y given Z - a LC regression model - rather
than from jointly Y, X and Z. Furthermore using the three—step approach all the direct effects
would have to be included in step one, and in case a new Z variable is added to the model that
has direct effects, the full step one model would need to be re-estimated, defeating the purpose of
stepwise modeling. The misspecification can be as severe as to impact class enumeration (Kim
et al., 2016; Zhu et al., 2017; Nylund-Gibson & Masyn, 2016). We propose a two—step approach
to fit the random-covariate latent class model. In the first step, a LC model is fitted to the data;
in the second step, direct effects and the part on the distal outcome are added to the model, and
the parameters of the marginal distribution of X and the intercept terms of the logistic regression
of Y given X and Z are kept fixed at their first step value. This has the advantage of 1) keeping
model complexity under control, even in the case of many items / latent classes, and 2) allowing
class enumeration and identification not to depend on the distributional assumption for Z. We will
show, based on simulation and real-data results, that this approach constitutes a more robust, prac-
tical and user-friendly alternative to the one—step approach.

The paper proceeds as follows. We introduce the general LCA framework - which includes
a description of the one-step distal outcome model and the proposed random-covariate latent class
model in Section “The different modeling approaches in details”. Then (in Section ‘“Parameter
estimation of the random-covariate latent class model”) we give details for both one-step and two-
step approaches for parameter estimation for the proposed random-covariate latent class model,
and we discuss how to perform correct inference on the model parameters of the second step
model. In Section “Simulation study” we describe the design of our simulation study along with
the results. In Section “A latent class model of households’ assets ownership to predict wealth”,
we analyze data from the Household Finance and Consumption Survey, and conclude with some
final remarks in Section “Conclusion”.

The different modeling approaches in details
The latent class model

LetY = (Y1,...,Y]) be the vector of the full response pattern and y its realization. Let us
denote as X the categorical latent variable, with latent classes s = 1,...,.5. A simple latent class
model (Goodman, 1974; McCutcheon, 1987; Hagenaars, 1990) for P(Y’) is defined as

S
P(Y =y)=) P(X=5P(Y =y|X =s), (1)

s=1

where P(X = s) is the unconditional probability of belonging to class s - structural component
-and P(Y = y|X = s) is the probability of observing response configuration y given the class
membership s - measurement component.
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Classical Latent Class Analysis (LCA) assumes local independence of the response vari-
ables given the class membership. This implies that P(Y = y |X = s) can be written as

J
P(Y =y|X =) = [[ P(¥; = 55X = 5). @)
j=1

For estimating the model in Equation (1), we assume each Y in (2) to be conditionally
Bernoulli distributed, with success probability 5, and parametrize the conditional response prob-
abilities through the following log-odds

log( fje ) = Bojs, 3)

1—mjs

for1 < s < S. The latent class unconditional probabilities can as well be parametrized using
logistic regressions. We opt for the following parametrization

Ax-oy_,

s [ ey =) @

for1 < s < S, where we take the first category as reference, and we set to zero the related
parameter. Under these parametrizations, the total number of free parameters to be estimated in
model (1)is JS + 5 — 1.

The model of Equation (1) can be used to assign observations to latent classes based on the
posterior membership probabilities

P(X=5PY =y|X =5s)

&)

according to some assignment rules. The most common assignment rules are modal or propor-
tional assignment; for details see Vermunt (2010)

The latent class with distal outcome model

The latent class variable can be taken to be a predictor of the external variable Z (distal out-
come), yielding the following latent class with distal outcome model

S
PY =y, Z=2=)» P(X=s)P(Z=zX=sPY =y|X =5s), (6)

s=1

where the structural and measurement components are as above, and P(Z = z|X = s) is the
external variable component and models the class specific distribution of Z. Under the local inde-
pendence assumption of the items given the latent class variable, the response conditional proba-
bilities are as in Equation (2). That is, Y is assumed to be independent of Z given X, which is a
standard, and rather very strong, assumption of LCA.

The model of Equation (6) can be used to cluster observations, according to modal or pro-
portional assignment rules, based on the following posterior membership probabilities

P(X =s)P(Z =2 X =s)P(Y =y|X =5s)

PX=sY =y, Z=2)= PY —y.7Z =7

: (N
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The external variable Z is assumed, conditional to the latent class, to be Gaussian with
mean /.5 and variance o2, for 1 < s < S, whereby an equivalent specification as in Equation (4)
can be used to parametrize the latent class unconditional probabilities. This yields JS+25+5—1
free parameters to be estimated.

While Equation 6 describes the complete distal outcome model that can be estimated using
FIML, this is hardly ever done in practice for reasons already described. In practice the three- step
(Vermunt, 2010; Asparouhov & Muthén, 2014) or two-step (Bakk & Kuha, 2017) approaches are
used, that are already extensively presented in previous literature, and we will not discuss in detail.
Currently none of these stepwise approaches is able to easily incorporate DEs between indicators
and distal outcomes. Existing literature focuses on modeling DEs for models with covariates only
(Asparouhov & Muthén, 2014; Janssen et al., 2019; Masyn, 2017).

The random-covariate latent class model

A more general form of association between Y, X and Z, involves modeling the following
joint probability

PZ=2,X=5Y=y)=P(Z=2X=s5)PY=y|lZ=2X=3s), (8)

where the common assumption in LCA of Y and Z being conditionally independent given the
latent process is relaxed. From Equation (8), several submodels can be specified (covariate model,
distal outcome model, etc). If substantive theoretical arguments postulate the latent variable to

be a predictor of the external variable Z, the random—covariate latent class model specifies the
probability of observing a response pattern y as

S
PY=yZ=2)=Y PX=s)P(Z=2(X=s)P(Y =y|Z=2X=5), (9

s=1

which contains a structural part as in the previous models; a measurement component connecting
the latent class to the observed responses with a direct effect of Z, as in the latent class regres-
sion model; an external variable component, which models the latent class specific distribution of
Z. That is, the random—covariate latent class model incorporates features of 1) the simple latent
class model (in the structural component), 2) the latent class regression model (in the measure-
ment component), and 3) the distal outcome model (in the external variable component). For the
measurement component, as for the classical LC model in Equation (1), we assume each Y; to be
conditionally Bernoulli distributed, with success probability 75, and parametrize the conditional
response probabilities through the following log-odds

1—mjs

1og< Tis ) — Bojs + ZBss. (10)

The parametrization for the structural component is as in Equation (4), under the assumption of Z
being conditionally Gaussian with mean i, and variance o2, for 1 < s < S. Equally, the posterior
membership probabilities are computed as

P(X=5)P(Z=2X=8)PY =y|Z=2X=35)

1D
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and sample units can be assigned to classes according to, for instance, modal or proportional as-
signment rules.

One key feature is that sub-models of the random—covariate latent class model can be
backed up by imposing suitable restrictions on the model parameters. In particular, by setting the
Bjs’s of Equation (10) to zero, the random—covariate latent class model reduces to a standard LC
with distal outcome model (6). Although not formally nested, also the simple LC can be thought
of as a sub-model in which Z is completely excluded from the model. Furthermore similarities can
be seen also with the latent class regression model, that allows for DEs between the external vari-
able and the indicators - with the main difference being that while DEs are modeled, the external
variable is not a covariate of the LC model but rather a distal outcome.

Dir. Eff.  Z modeled #par
Latent Class X X JS+S5-1
Latent Class with distal outcome X v JS+254+(S—-1)
Random—covariate Latent Class v v 2JS 428+ (S—-1)

Table 1
Summary of different modeling assumptions and number of free parameters to be estimated.

Table 1 summarizes how Z enters each of the three models, and the total number of free
parameters to be estimated. Intuitively, this shows that the first two models can be seen as special
cases of the third model, which therefore models the relationship between the 3 sets of variables in
the most exhaustive manner.

Parameter estimation of the random—covariate latent class model
The (FIML) one-step approach

Let 0 = {p, By, B, p, 0} and let {(Y;, Z)}n = {(Y1,Z1),...,(Y n, Z,)} be a sam-
ple of n independent observations. The model parameters 8 can be estimated by maximizing the
following sample log-likelihood function

n n S
00) =Y log{P(Y,Zi)} =) log {Z P(X =s)P(Zi|X =s)P(Y;|Z;, X = S)}- 12)
=1 =1 s=1

The maximization of (12) is typically done either by means of the EM algorithm or of quasi-
Newton methods, or a combination of both. However, due to the model complexity and the as-
sumptions on the Z distribution, the simultaneous (one—step) approach might suffer a number of
problems. First, especially in the case of many indicators and possibly also latent classes, standard
procedures like the EM algorithm might become too unstable and even fail to converge. Second,
jointly modeling the external variable and the indicators has the consequence of predicting latent
classes not only based on the conditional independence assumption, but also on the distributional
assumption on the continuous external variable’s distribution. In case this assumption is violated,
the whole LC solution might be affected, possibly requiring additional latent classes than optimal
to accommodate for a misspecified distribution (Bauer & Curran, 2003). Third, even if the distri-
bution of the external variable is not misspecified, the external variable’s contribution might overly
influence the log-likelihood - therefore the clustering solution. Motivated by these considerations,
in the next Section we introduce a feasible two—step approach.
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The two-step approach

The key feature of the two—step approach is that selection and estimation of the measure-
ment component is done separately from estimation of the structural component. Once the body
of the measurement component is obtained, the latent class variable can be taken as fixed even if,
together with the external variable component, also the external variable’s direct effects on the in-
dicators are added to the model.

Let us consider decomposing the parameter set 6 into 61 = {p, B}, i.e. the parameters of
the simple LC model of Equation (1), and 82 = {3, u, 0'2}, i.e. the direct effects of Z on Y, and
the location and scale parameters of the external variable component. We propose to estimate 6 in
the following two steps.

Step 1 In the first step, a simple LC model as defined in Equation (1) is estimated by maximizing
the the following log—likelihood

— Y log {P(Y1)} Zlog{ZP P(Y; !X—S>} a3
=1

by means of standard algorithms (like the EM algorithm).

Step 2 We let 51 denote the ML estimator of 8 obtained from the first step. The second step con-
sists of maximizing the following log-likelihood function

00216, =601) = log{P(Y;,Z)}, (14)
=1

where / is defined as in (12).

Note that the log-likelihood of Equation (14) is maximized only with respect to 82, whereby 6
are held fixed at their first step values 0. Although this class of estimators is consistent (Gong
& Samaniego, 1981), standard theory would suggest that this is less efficient than the full infor-
mation (one—step) ML estimator. However, recent simulation results (Bakk & Kuha, 2017) have
shown that the loss in efficiency is significant only when the classes are almost completely over-
lapping and, in all other conditions, the two—step estimator is almost as efficient as the one—step
estimator. In addition, standard errors based on the inverse of the Fisher information (negative of
the Hessian matrix) computed at the second step would not take the uncertainty in the first step
into account. Still, robust standard errors based on sandwich formulas are available for reliable
inference on the model parameters (Bakk & Kuha, 2017; Gong & Samaniego, 1981).

Let the Fisher information matrix of the joint (one-step) model for 8 be denoted by

.z
20)- 3 1,

where 8* denotes the true value of @ and the partitioning corresponds to 81 and 6>. The asymp-
totic variance matrix of the one-step estimator Oisthus V= I 1(6*), which is estimated by
1% mr =TIt (0) Let 321, denote the asymptotic variance matrix of the step one estimator 01 of
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the two-step method, obtained similarly from the Fisher information matrix of the model described
in Equation (13). The asymptotic variance matrix of the two-step estimator 05 is then

V=T, +T5 a1 Ty =Va+ V. (15)

Here V5 describes the variability in 5 given the step one parameters 01, and V| the additional
variability arising from the fact that 8; are not known but rather estimated by 61 with their own
sampling variability. The variance matrix V is estimated by subtituting 8 = (61, 85) for 6*.

The two—step approach can be implemented by all software used for one—step modeling,
as typically those allow for estimation with some fixed parameters specified in input. It should
be noted that while LC literature emphasizes the issue of separation, it is well-known in econo-
metrics theory (Amemiya, 1985) that independence of the parameters of the first and second step
models is by no means a requirement for consistency of two—stage estimators.

Simulation study
Design

The objective of this simulation study is to evaluate the proposed random—covariate ap-
proach for latent class analysis in the presence of a distal outcome, both in its one—step and two—
step versions, under crossed sample size and class separation conditions, and its robustness against
misspecifications on the measurement and structural components.

We generate the data from a two—class LC model with J = 6 dichotomous indicators and
one external variable Z. Class separation, strongly related to classification error, and sample size
are known to affect both one—step and stepwise modeling. We choose to manipulate separation
only through the strength of the relationship between items and latent-class conditional response
probabilities (5o, ;,), although other options are available - like the number of items, the number of
item categories, and the class sizes. The intercepts in the two latent classes, in the model with no
direct effect of Z on the indicators, were set to

Bo1 = (0.847,0.847,0.847, —0.847, —0.847, —0.847)" and Bo2=—Bo1;
such that the entropy-based R? is about 0.7 (moderate class separation), and to
Bo1 = (2.197,2.197,2.197, —2.197, —2.197, —2.197)" and Bo2=—Bo1;

such that the entropy-based R? is about 0.9 (large class separation). Although smaller entropy
values can be considered, stepwise approaches are known to work well with entropy-based R?
above 0.6 (see, for instance, Vermunt, 2010). The sample sizes used were 500 (moderate), and
2000 (large).

We consider misspecifications both in the measurement model, involving direct effects of
Z on the items, and on the structural model, related to the distribution of Z, to evaluate the ro-
bustness of the proposed estimator. In the first part of the simulation study, we will assess all ap-
proaches with three levels of misspecifications in the measurement component: 1) no DEs, 2) DEs
on half of the indicators, 3) DEs on all the indicators, under moderate and large sample size and
class separation. In case one or more DE’s are present, the related coefficient is of 0.2 - which can
be considered a moderate magnitude in logistic scale. Z is generated from class—specific normal
distributions with means -1 and 1, respectively in the first and second latent class, with common
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unit variance. Together with evaluating the performance of the proposed RC approach, in this first
part of the simulation study we compare the one—step and two—step random covariate approaches
(1-step RC and 2-step RC respectively) with the standard distal outcome one—step and two—step
LCA (“1-step dist" and “2—step dist" respectively), where direct effects are not modeled. Each
method will be assessed in terms of parameter estimates, percentage bias, relative efficiency (av-
eraged standard error over averaged standard deviation) and coverage rates. For all 12 crossed
conditions obtained by combining the number of DE’s scenarios, the class separation levels and
sample sizes, we considered 500 replications and fitted all four approaches.

In the second part of the simulation study, we will stress test all approaches by adding also a
misspecification in the structural component. The overall setting is the same as in the small sample
size (n = 500), moderate separation and direct effects on three indicators scenario. We consider
three among the possible departures from within—class normality that may occur in practice (see
also Zhu et al., 2017, for a similar choice): skewness, excess kurtosis and bimodality (see Table 2).
The skewness scenario is obtained by taking the skew-normal as the within—class distribution of
Z, with location 4 € R, scale w > 0 and shape a € R (see, e.g., Azzalini & Capitanio, 2014).
In detail, y = —1and @ = 0.1 inclass 1, while 4 = 1 and @« = —0.1 in class 2, withw = 1in
both classes. The excess kurtosis scenario is instead obtained with the ¢ distribution with location
u € R, scale w > 0, and v degrees of freedom. In order to have bimodal within—class distribution
we follow the same setup as in Bakk & Kuha (2017): we consider a mixture of the following two
normal distributions N (—0.5,0.5) and N (0.75,1.3375), with weights 0.6 and 0.4 respectively;
this mixture is such that its variance is 1 but has positive skewness, with an index of skewness of
1.16 - approximately that of a 2. In this second simulations study, we will also include the three-
step BCH estimator (Bolck et al., 2004; Vermunt, 2010) in our comparison: the reason for this is
that BCH is known in literature to be robust against distributional assumptions on Z (Janssen et
al., 2019). For all 3 non-normality conditions, we considered 500 replications and fitted all five
approaches.

Within-class scenarios ~ Within-class distribution Parameters
First class Second class
Skewness Skew-normal n=-la=0lLw=1 n=1La=-0lw=1
Excess kurtosis t p=—-lw=1Lv=3 p=lLw=1Lv=3
Bimodality Normal mixture class prop = 0.6, u = —0.5, 02 = 0.5 class prop = 0.4, u = 0.75, 0> = 1.3375
Table 2

Non-normal within-class scenarios for the Z distribution.

Results

First part - normal within-class Z. Table 3 summarizes the results for the 12 simulation
conditions where we have no misspecification on the distribution of Z.

Overall, in terms of bias, the RC 1-step approach performs well except for the small sample
size and no direct effect condition. In fact, this is the only case where the 1-step Dist approach has
the lowest bias. We observe that both 2-step approaches perform relatively well compared to their
1-step counterparts. Interestingly, in the no direct effect and small sample size conditions, the 2-
step RC approach performs better than 1-step RC, indicating perhaps that the unconditional first
step of the 2-step RC brings in higher flexibility to this kind of misspecification.

In terms of coverage and SE estimation, although the RC 1- and 2-step approaches tend
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to underestimate the true variability in some conditions, the 1-step approach has always approxi-
mately 95% coverage whereby we observe some slight undercoverage in the 2-step RC estimator.
This might indicate that the SE correction is not able to account for both first step variability and
variability due to model saturation. Not surprisingly, both distal outcome approaches tend to have
poor coverage in the 3 and 6 direct effect conditions.

Class Sample #DE’s 1-step RC 1-step Dist 2-step RC 2-step Dist
Separation  Size %Bias CVG SE/SD %Bias CVG SE/SD %Bias CVG SE/SD %Bias CVG SE/SD
500 0 0.006 0.938 0.904 0.003 0943 0955 0.006 0.944 0.931 0.006 0944 0.928
2000 0 0.001 0940 0.985 0.001 0941 1.000 0.001 0.930 0951 0.001 0942 0.947
Moderate 500 3 0.001 0935 0.975 0.001 0943 1.018 0.000 0.936 0.896 0.001 0920 0.820
2000 3 0.003 0.946 0.955 0.003 0931 1.026 0.003 0.946 0.979 0.003 0.950 0.865
500 6 0.002 0.927 0.935 0.004 0866 0878 0.005 0.926 0.788 0.007 0.900 0.583
2000 6 0.001 0946 0.992 0.002 0.798 0910 0.002 0.920 0.877 0.003 0.922 0.541
500 0 0.008 0.933 0.930 0.005 0.955 1.007 0.005 0936 0940 0.005 0.948 0.934
2000 0 0.000 0.948 0.970 0.000 0942 0973 0.002 0.934 0919 0.002 0942 0912
Large 500 3 0.006 0.923 0.906 0.001 0947 0952 0.001 0926 0.846 0.002 0918 0.772
2000 3 0.001 0.941 1.057 0.001 0937 1.009 0.001 0.922 0917 0.001 0932 0.816
500 6 0.003 0922 0918 0.003 0858 0.829 0.002 0.906 0.755 0.001 0.898 0.572
2000 6 0.002 0.947 0.989 0.001 0.794 0896 0.000 0.928 0.883 0.000 0916 0.545
Table 3

Simulation results of estimation of the means of Z (averaged across components) for the one-step LC with Random
Covariates (“I1-step RC"), the one-step LC with distal outcome (*“1-step dist”), the two-step LC with Random Covari-
ates (“2-step RC”) and the two-step LC with distal outcome (*“2-step dist”) for all simulation condition class separa-

tion X sample size X number of DE’s for normal within class distribution of Z.

Second part - non-normal within-class Z.

Skewness. In Figure 3 we display the boxplot for bias reported at each simulation repli-
cation for the first-class mean of Z, under the scenario small sample size (n = 500), moderate
separation, direct effects on three indicators scenario and non-normal (skewed) within class distri-
bution of Z.

All estimators have approximately between 5 and 10 % bias in the estimated mean: one
possible explanation could be that unmodelled skewness translates into a shift in the estimated
centers. As we speculated, we observe that the 2—step RC approach is the least sensitive to mis-
specification of the distribution of Z, even with respect to the 3-step BCH approach. Among the
one-step approaches, the 1-step RC has the lowest bias, perhaps because modeling the DEs it
deals only with a misspecified structural component - whereby the 1-step Dist has also unmod-
elled DE:s.

Excess kurtosis. Figure 4 displays the boxplot for bias reported at each simulation repli-
cation for the first-class mean of Z, under the scenario small sample size (n = 500), moderate
separation, direct effects on three indicators scenario and non-normal (leptokurtic) within class
distribution of Z.

Even in this case, the 2—step RC approach seems to be the least sensitive to misspecifica-
tion of the distribution of Z. The performances of the one-step approaches are qualitatively the
same. By contrast, we find that the 3-step BCH approach performs relatively worse compared to
the other approaches: this is not surprising, since all three-step approaches in LCA are known to
perform poorly when there are direct effects of the external variable on the indicators (Bakk &
Vermunt, 2016; Vermunt, 2010).
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Figure 3. Boxplots of bias in the first estimated mean of Z for the non-normal (skewness) sce-
nario, for the one-step LC with Random Covariates (“1-step RC"), the one-step LC with distal
outcome (“1-step dist"), the two-step LC with Random Covariates (“2-step RC"), the two-step LC
with distal outcome (‘“2-step dist") and the three-step BCH approach (“3-step BCH") for n = 500,
moderate class separation and three direct effect scenario. 500 Monte Carlo replicates.

Bimodality. Figure 5 displays the boxplot for bias reported at each simulation replication
for the first-class mean of Z, under the scenario small sample size (n = 500), moderate separation,
direct effects on three indicators scenario and non-normal (bimodal) within class distribution of Z.

Both distal-outcome approaches do well under the bimodality condition, with the 2-step RC
following up close and the 1-step RC and the 3-step BCH approaches doing slightly worse. Re-
sults regarding the 3-step BCH approach are not surprising, since all three-step approaches in LCA
are known to perform poorly when there are direct effects of the external variable on the indicators
(Bakk & Vermunt, 2016; Vermunt, 2010).
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Figure 4. Boxplots of bias in the first estimated mean of Z for the non-normal (excess kurtosis)
scenario, for the one-step LC with Random Covariates (“1-step RC"), the one-step LC with distal
outcome (“1-step dist"), the two-step LC with Random Covariates (“2-step RC"), the two-step LC
with distal outcome (‘“2-step dist"), and the three-step BCH approach (“3-step BCH") for n = 500,
moderate class separation and three direct effect scenario. 500 Monte Carlo replicates.
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Figure 5. Boxplots of bias in the first estimated mean of Z for the non-normal (bimodality) sce-
nario, for the one-step LC with Random Covariates (“1-step RC"), the one-step LC with distal
outcome (“1-step dist"), the two-step LC with Random Covariates (“2-step RC"), the two-step LC
with distal outcome (‘“2-step dist"), and the three-step BCH approach (“3-step BCH") for n = 500,
moderate class separation and three direct effect scenario. 500 Monte Carlo replicates.



LCA WITH RANDOM COVARIATES 16

A latent class model of households’ assets ownership to predict wealth

Household wealth cannot be directly observed. Nonetheless, measuring it is a crucial is-
sue for any policy maker. Notably, survey measures of income - or expenditure, if available - are
affected by substantial measurement error and systematic reporting bias (Ferguson et al., 2003;
Moore & Welniak, 2000). In addition, if wealth as a measure of permanent income (Friedman,
1957) is of interest, current income, even if measured without error, is likely to be a poor approx-
imation. In more recent surveys (like the Household Finance and Consumption Survey, from the
European Central Bank), a measure of net wealth - value of total household assets minus the value
of total liabilities - is provided. However, relying on each household’s subjective evaluation of the
current value of each asset they own, such a measure is prone to considerable measurement error
as well. Furthermore, having such a complex measure is complicated to understand for a more
general audience, to whom a simpler classification/index would appeal.

Latent Trait (LTA) and Latent Class Analysis have been used in order to model wealth - or,
inversely, deprivation - from observed assets ownership. Whereby in the LTA framework, wealth
is modeled as a continuous trait (Szeles & Fusco, 2013; Vandemoortele, 2014), LCA was used
(Moisio, 2004; Pérez-Mayo, 2005) based on the idea that wealth (poverty) can be seen as a mul-
tidimensional latent construct. Although determining which ownership indicators to use can be
a problem, arguably they all attempt to identify subgroups in the population based on the same
multidimensional phenomenon (Moisio, 2004): different dimensions of wealth are measured by
different (sets of) indicators. In addition, within an LCA framework, response probabilities can be
used to evaluate ex post each indicator’s validity of measuring the (latent variable) wealth.

We analyze data from the first wave of the Household Finance and Consumption Survey,
conducted by the European Central Bank. We focus on a sample of Italian households, for which
we have information on real and financial assets, liabilities, different income measures, consump-
tion expenditures, and a measure of total wealth in euro. The latter is defined as total household
assets value, excluding public and occupational pension wealth, minus total outstanding house-
hold’s liabilities (Household Finance and Consumption Network, 2013). The value of each asset
is provided by asking to the interviewees how much they think each asset is worth. For instance,
related to the item “owning any car”" (HB4300, Table 4), the interviewer asks “For the cars that
you/your household own, if you sold them now, about how much do you think you could get?"
(HFCS Core Variables Catalogue, 2013). In fact, different households might have very different
(and possibly wrong) perceptions about the value of the assets they own. This is why we cannot
rely only on DN3001 as a measure of households wealth, but rather use a model known for its
strengths in correcting for measurement error using multiple indicators.

We selected a set of 10 items related to a financial type of wealth, and we included also 4
items related to a broader type of wealth, for a total of J = 14 items. The variable concerning
household residence tenure status (HB0300) was recoded to have “entirely owned main residence"
or “partially owned main residence" merged into one category. The resulting variable on tenure
status (hometen) has 3 categories, and enters all models with dummy coding.

We restrict ourselves to analyze only households having positive wealth. Doing so allows
us to set up a model for log-wealth rather than for wealth, as is commonly done in the economic
literature studying elasticities (see, for instance, Charles & Hurst, 2003). Imposing this restriction
leads us to drop only 188 sample units (about 2% of the total sample).

The one-step LC with Random Covariates (“1-step RC"), the one-step LC with distal out-
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come (“1-step dist"), the two-step LC with Random Covariates (“2-step RC") and the two-step
LC with distal outcome (“2-step dist") models are estimated using Latent GOLD 5.1 (Vermunt &
Magidson, 2016) in combination with R!. The model comparison is done with the purpose of in-
vestigating how cluster membership is able to predict classes of (log) wealth. The random covari-
ate modeling approach does so by relaxing the conditional independence assumption and allowing
for possible direct effects of log-wealth on the indicators.

Name Description Type
HBO0300 Household main residence - Tenure status Nominal

(1 if entirely owned)

(2 if partially owned)

(3 if rented)

(4 if for free use)
hometen Household main residence - Tenure status Nominal

(1 if entirely or partially owned)

(2 if rented)

(3 if for free use)
HB2400 Household owns other properties Dichotomous
HB4300 Household owns any car Dichotomous
HB4700 Ownership of other valuables Dichotomous
HC0200 Household has a credit line or overdraft Dichotomous
HC0300 Household has a credit card Dichotomous
HCO0400 Household has a non collaterized loan Dichotomous
HDO0100 Household has any investment in business Dichotomous
HD1100 Household owns a sight account Dichotomous
HD1200 Household owns a savings account Dichotomous
HD1300 Household has any investment in mutual fund Dichotomous
HD1400 Household owns bonds Dichotomous
HD1500 Household owns managed accounts Dichotomous
DN3001 Net Wealth Continuous

Table 4

Variables list, with description and type. hometen obtained by recoding HB0300 into 3 categories, where “partially
owned" and “entirely owned" are merged into one. DN3001 is obtained as total household assets, excluding public and
occupational pension wealth, minus total outstanding household’s liabilities. We focus on a sample of observations with
positive net wealth, and work with its logarithmic transformation. Further details on variables definitions are available
from the ECB website.

In order to avoid distortions in model selection due to the distributional assumption on log-
wealth, we select the number of classes based on a simple LC model with items only (first step
model). In Table 6 we display a line chart of BIC values (y axis) vs. number of classes (x axis),
from 1 to 9. We observe that the curve reaches a minimum only at G = 82, but there seem to be
an elbow at G = 2. This is somewhat consistent with previous literature on LCA for measuring
wealth (Moisio, 2004; Pérez-Mayo, 2005).

'Sample LG syntax and R code is available for each model from the corresponding author upon request.
*This is due to a ceiling effect, as for a number of classes greater than 8 also BIC increases.
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Figure 6. BIC values of the first step model for 1 to 9 latent classes.

We report (Figure 7) the probability profile plot for 1-step RC (Figure 7a), 1-step Dist (Fig-
ure 7b), 2-step RC (Figure 7¢) and 2-step Dist.

We observe that the one-step RC approach predicts a wealthier class, with higher ownership
probabilities for all items, and a higher probability of owning (partially or entirely) the household
main residence - relative to “free use" and “rent" categories. One-step dist, two-step dist and two-
step RC tend to agree overall on class ownership probabilities. We observe that the second latent
class has higher ownership probabilities than the one-step RC’s second class. Interestingly, they
all predict less wealthy HH’s (first latent class) to have on average a higher probability of owning
their home. That is, they predict that if a HH has relatively little wealth this is invested to buy the
place the HH lives in. We note that also the two—step approaches both predict home ownership
probability greater than 0.5 also for the wealthier class.

Figure ?? shows how the class composition of the 1-step and 2-step RC and dist predict
classes in log-wealth. The first class seems to capture observations with lower log-wealth, al-
though - in 1-step dist and the two-step approaches - the relatively fat tails in the second class allo-
cate non-zero density also to few of the wealthiest observations. Consistently with findings in the
probability profiles, classes in the 1-step RC separate households on (log) wealth more neatly.

To gain further insights on the estimated wealth distribution, we report (Table 5) estimated
means and variances of log-wealth for all four approaches.

Inference on the estimated parameters of the log-wealth (p-values of all tests are below
0.01) validates the model assumption of clustered distribution, with heteroscedastic compo-
nents, of log-wealth in all approaches. The mean in the second class of wealth is larger for all ap-
proaches. As we observed above, the first class with lower average log-wealth - but larger variance
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Figure 7. Probability profile plot for the one-step LC with Random Covariates (“1-step RC"), the one-step LC with dis-
tal outcome (“1-step dist"), the two-step LC with Random Covariates (“2-step RC") and the two-step LC with distal
outcome (“2-step dist"). For the variable “hometen", the levels indicate the four category ownership probabilities within
each wealth class. Similarly, levels refer to average item ownership probability in wealth classes for the remaining (di-
chotomous) items.

- in 1-step Dist and 2-step RC and Dist absorbs also some households in the right tale of the distri-
bution.
Finally, Table 6 demonstrates that both 1-step and 2-step RC provide an easy way to test
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Means Wald(=) p Variances Wald(=) p
I-step dist  10.0835%***  [2.6173%** 0.0000 3.0910 0.5573 0.0000
(0.0451) (0.0129) (0.0843) (0.0137)

I-step RC  9.4489***  12.4928***  (.0000 25960  0.6304 0.0380
(0.0391) (0.0112) (0.0865) (0.0131)

2-step dist  10.3851%%% [2.5471%+*  0.0000  3.4766  0.7900  0.0000
(0.0345) (0.0146) (0.0874) (0.0212)

2-step RC  10.3134*** 12.6548***  (0.0000 3.2234  0.5545 0.0380
(0.0356) (0.0128) (0.0807) (0.0151)

Table 5

Estimated means (*** p-value<0.01, ** p-value<0.05, * p-value<0.1) and variances of log-wealth, and p-values from
Wald test of equality of component means and variances for the one-step LC with Random Covariates (“1-step RC"),
the one-step LC with distal outcome (*“1-step dist"), the two-step LC with Random Covariates (“2-step RC") and the

two-step LC with distal outcome (“2-step dist"). Standard errors in parentheses.

whether there are significant direct effects of log-wealth on the response variables. Interestingly,
inference on such effects points out that there are variables for which we have no significant direct
effects of log-wealth (hometen), as well as indicating that some effects are the same across latent
classes (HB2400, HD1300, HD1400 and HD1500). In the logic of an applied researcher, this sug-
gests intermediate and more parsimonious modeling options where effects on some variables can
be constrained to be zero, or to be the same across classes. This can easily be discovered with a
random covariate modeling approach, especially with the more practical two-step approach that
perfectly serves the need of refitting multiple times the model to compare different specifications
without having to re-estimate the full model from scratch every time.
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1-step RC 2-step RC

Log-wealth on Coefficients Wald(0) p  Wald(=) p Coefficients Wald(0) p  Wald(=) p

Class 1 Class 2 Class 1 Class 2
hometen(2) -1.8014%##*  ],8844%** 0.0000 0.0000  -0.1278***  0.0180%*** 0.0000 0.0000
(Main res. tenure stat) (0.0663) (0.6175) (0.0088) (0.0041)
hometen(3) -1.5633#%%  (0.9826%%* 0.0000 0.0000  -0.0690%**  0.0226%*** 0.0000 0.0000
(Main res. tenure stat) (0.0669) (0.4042) (0.0073) (0.0055)
HB2400 -0.9990%#*  -1.6839***  (.0000 0.0000  -0.0103%*** 0.0083 0.0003 0.0240
(HH owns other properties) (0.0454) (0.0788) (0.0026) (0.0075)
HB4300 -0.6239%#*  -1.3334***  (.0000 0.0000 0.0449***  -0.0187***  0.0000 0.0000
(HH owns any car) (0.0362) (0.0729) (0.0077) (0.0039)
HB4700 -0.3953*#*  -0.7162***  0.0000 0.0001 -0.0068 -0.0180***  0.0000 0.1700
(HH owns other valuables) (0.0310) (0.0761) (0.0060) (0.0046)
HC0200 -0.5636%**  -1.0027***  0.0000 0.0000 0.0126%**  -0.0715***  0.0000 0.0000
(HH has a credit line) (0.0286) (0.0688) (0.0026) (0.0061)
HC0300 -0.8510%**  -1.3491***  0.0000 0.0000 0.0201#**  -0.1927***  0.0000 0.0000
(HH has a credit card) (0.0388) (0.0732) (0.0026) (0.0061)
HC0400 -0.2018***  -0.3100%**  0.0000 0.3000 0.0131%** -0.0085 0.0003 0.0035
(HH has a non-coll. loan) (0.0258) (0.0968) (0.0034) (0.0062)
HDO0100 -0.5305%**  -1.3817***  0.0000 0.0000 0.0070**  -0.0504***  0.0000 0.0000
(HH has any invest. in business) (0.0312) (0.0919) (0.0029) (0.0068)
HD1100 -0.8756%**  -1.8493**k  (.0000 0.0000 0.1566* -0.0089%* 0.0280 0.0840
(HH owns a sight account) (0.0411) (0.0887) (0.0950) (0.0038)
HD1200 -0.1533%% -0.0437 0.0000 0.0710 -0.0042 -0.0040 0.1700 0.9700
(HH owns a savings account) (0.0228) (0.0529) (0.0028) (0.0041)
HD1300 -0.8373%##%  -1.3818***  (.0000 0.0015 -0.0011 -0.1565%**  0.0000 0.0000
(HH has invest. in mutual funds)  (0.0549) (0.1467) (0.0037) (0.0232)
HD1400 -0.7800%**  -1.0292***  (.0000 0.0150 -0,0042 -0,0057 0.2600 0.8900
(HH owns bonds) (0.0456) (0.0781) (0.0028) (0.0112)
HD1500 -0.8652%#**  -1.4764**  (.0000 0.0023 -0.0021 -0.2039***  (0.0000 0.0000
(HH owns managed accounts) (0.0607) (0.1732) (0.0041) (0.0316)

Table 6

Estimated direct effects of log-wealth on each variable per latent class (*** p-value<0.01, ** p-value<0.05, * p-
value<0.1), p-values from Wald test of joint equality of each variable’s direct effect to zero - Wald(0) - and from Wald
test of equality of effects across latent classes - Wald(=) - for the 1-step and 2-step RC approaches. Short description

below variable names. HH stands for Household. Standard errors in parentheses.
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Figure 8. Density plots of log-wealth as predicted by the four competing approaches.
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Conclusion

The focus of this paper has been to motivate the use of the random covariate modeling ap-
proach for distal outcome models with possible misspecifications of the distribution of Z, and di-
rect effect between the indicators and Z. To do so, we have introduced a feasible two-step estima-
tor. A simulation study has been used to illustrate this idea and investigate the final sample prop-
erties of both one-step and two-step estimators, and also the one-step and two-step distal outcome
models have been included for comparison. Interestingly, we found that 1) the random covariate
approach yields the lowest bias, and 2) the 2-step RC approach is the least sensitive to misspecifi-
cation of the distribution of the external variable. The actual advantage of random covariate mod-
eling was also showed through an application on Italian household asset ownership data.

In the applied researcher perspective, the proposed approach has several advantages. First,
it allows to deal with direct effects if they are of substantive interest, as well as if those represent
a source of noise to be handled. That is, if direct effects are present, our approach, contrary to the
distal outcome model, yields unbiased estimates of the distal outcome cluster specific means and
variances. Second, it guarantees a safe and flexible option, in which one starts from the most gen-
eral model. Then, proceeding backwards, the user can test the model assumptions of the distal
outcome and the latent class regression models. We propose to applied researchers to use our ap-
proach in any situation where the distal outcome is supposed to have DE on the indicators and also
the class specific distribution of the continuous distal outcome is not normal. In situations where
such complex interdependencies are not present we recommend using one of the stepwise bias-
adjusted approaches that cannot model DEs using for example the overview and recommendation
proposed by Nylund-Gibson et al. (2019).

The approach we suggest has some limitations as well. First, it can be unstable if some
of the observed response patterns are lacking, or are simply too small in number to estimate the
model parameters (see for instance, for standard sufficient conditions for identifiability of LCA,
Bandeen-Roche et al., 1997). Especially in an exploratory stage of the analysis, in such cases sim-
pler models can be more attractive. Second, depending on the goal of the analysis, the random
covariate modeling approach can generate a final output which might be harder to interpret than
that of simpler models. In other words, the final model interpretability relies on the final goal of
the analysis, which must be clear in mind in this as well as in any other modeling approach. Third,
we found that the SE correction does not work well for saturated models like the random covariate
model. How to handle such cases can be an interesting subject for future research.

While in the current paper we proposed the random covariate approach in the context of dis-
tal outcome models, the extension to models with covariates, or more complex models involving
both covariates and distal outcomes is straightforward from equation 12. Currently in LCA re-
search it is common practice to use either co-variate or distal outcome model, but hardly ever the
combination of the two because of the technical limitations of classical approaches when poten-
tially many external variables are present. In such cases, classical approaches might fail because
of the sparseness of the analyzed frequency table and the potentially large number of parameters
(Goetghebeur et al., 2000; Huang & Bandeen-Roche, 2004; Clark & Muthén, 2009). This practice
is very different from the general structural equation modeling mindset, where continuous latent
variables are included in complex models both as antecedents of some distal outcomes possibly
predicting the outcome in conjunction with other (latent and/or observed) predictors, and having
predictors of their own. These type of extensions can be especially practical using the proposed
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two-step estimator: while keeping the measurement model fixed the structural model can be ex-
tended gradually, without the need of re-estimating the full model, or the risk that the measure-
ment model changes due to misspecifications introduced in the estimation of the structural model.
The extension to this more complex models is not trivial and warrants further research, to better
understand for example how robust the approach is in the presence of multiple possibly correlated
distal outcomes, direct effects etc. It will be important to see how misspecifications in one part of a
complex model affect the full model, and what model selection approaches work the best. Further
research on these more complex extensions is needed.
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